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we study theoretically a driven hybrid optomechanical system with a membrane-in-the-middle
configuration containing two identical elongated cigar-shaped Bose-Einstein condensates (BECs) in
each side of the membrane. In the weakly interacting regime, the BECs can be considered as single-
mode oscillators in the Bogoliubov approximation which are coupled to the optical field through the
radiation pressure interaction so that they behave as two quasi-membranes. We show that the degree
of squeezing of each BEC and its entanglement with the moving membrane can be controlled by the
s-wave scattering frequency of the other one. Since the s-wave frequency of each BEC depends on
the transverse trapping frequency of the atoms which is an experimentally controllable parameter,
one can control the entanglement and squeezing of each BEC through the trapping frequency of the
other one.
I. INTRODUCTION
There is an interesting correspondence between op-
tomechanical systems, i.e., optical cavities with a moving
end-mirror or with a membrane in the middle [1–4] from
one hand and hybrid systems consisting of Bose-Einstein
condensates (BECs) inside optical cavities from the other
hand [5, 6]. In such hybrid systems, the excitation of a
collective mode of the BEC couples to the radiation pres-
sure of the cavity optical field [7–9]. Furthermore, such
hybrid systems have provided a suitable background for
the study of atom-photon interaction in the regime where
their quantum mechanical properties are manifested in
the same level [10–12].
One of the advantages of cavities consisting of atomic
ensembles in comparison to bare optomechanical systems
is that in the former the atom-light interaction is en-
hanced because the atoms are collectively coupled to the
same optical mode [13]. This collective mode which plays
the role of the vibrational mode of a moving mirror or a
membrane has the interesting capability that its coupling
to the radiation pressure of the cavity can be increased
by increasing the number of the atoms [14–16].
On the other hand, different kinds of nonlinearities can
be manifested in hybrid systems consisting of BEC [17,
18]. One of the most important nonlinear effects is due
to the atom-atom interaction which can mostly affect the
physical properties of the system [19–22].
In recent years, BEC-hybridized optomechanical se-
tups, have emerged as an ideal platform for exploring the
quantum phenomena at macroscopic level that are pro-
vided by the cooperation established between mechanical
oscillators and atomic ensembles embedded into an op-
tical cavity. Some important examples include ground-
state cooling of the vibrational modes of a mechanical
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oscillator [23–26], high fidelity quantum state transfer
between a BEC and an optomechanical mirror [27], and
quantum entanglement generation [28]. In light of the
rich range of relevant physical effects emerging from such
hybrid optomechanical systems, they are currently con-
sidered as basic building blocks for quantum communi-
cation networks, quantum control and quantum state-
engineering devices [for a recent review, see, for instance,
Ref.[29]), and also as promising suitable candidates for
investigating the foundations of quantum theory as well
as testing its potential modifications [30].
Motivated by the above-mentioned interesting features
in the field of hybrid BEC-optomechanics, in this pa-
per we are going to study a driven hybrid optomechani-
cal system with a membrane-in-the-middle configuration
containing two identical elongated cigar-shaped BECs in
each side of the membrane. Since in the weakly inter-
acting regime, the BECs can be considered as single-
mode quantum oscillators in the Bogoliubov approxi-
mation which are coupled to the optical field through
the radiation pressure interaction they behave as quasi-
membranes.
In this way, the present system is equivalent to a bare
optomechanical cavity containing three membranes in-
side, like the one studied in Ref.[31]. However, the
present hybrid system has the important advantage that
the resonance frequency of each quasi-membrane depends
on its s-wave scattering frequency (ωsw) of the nonlin-
ear atom-atom interaction [32] which is experimentally
controllable by the transverse trapping frequency of the
atoms [33]. We show that the degree of squeezing of each
BEC and its entanglement with the moving membrane
can be controlled by the s-wave scattering frequency of
the other one.
The paper is structured as follows. In Sec. II we de-
rive the Hamiltonian of the system. Then, in Sec. III
the dynamics of the system is described and the quan-
tum Langevin equations (QLEs) are derived and lin-
earized around the semiclassical steady states. In Sec.
2FIG. 1. (Color online) Schematic of a membrane-in-the-
middle optomechanical cavity with length 2L containing two
identical cigar-shaped BECs in each side of the membrane.
The cavity which decays at rate κ is driven through the left
mirror by a laser with frequency ωp.
IV we study the steady-state bipartite BEC-BEC and
BEC-membrane entanglements as well as the quadrature
squeezing properties of the two BECs. Finally, our con-
clusions are summarized in Sec. V.
II. SYSTEM HAMILTONIAN
We consider a membrane-in-the-middle optomechani-
cal cavity with length 2L containing two identical cigar-
shaped BECs in each side of the membrane, as schemati-
cally shown in Fig.1. The thin dielectric membrane with
mass m, frequency ωm, and damping rate γm divides the
cavity into two equal parts each with length L. The two
BECs on the left and the right side of the cavity each
consisting of Nj two-level atoms (j = 1, 2 for the left
and right BEC, respectively) with mass ma and transi-
tion frequency ωa are confined in cylindrical symmetric
traps with transverse trapping frequencies ω⊥j(j = 1, 2)
and negligible longitudinal confinement along the x di-
rection.
The cavity is driven at rate η =
√
2Pκ/~ωp through
the left mirror by a laser with frequency ωp, and
wavenumber k = ωp/c (P is the laser power and κ is the
cavity decay rate) which excites a single mode of the cav-
ity with natural frequency ω0 = npic/2L (in the absence
of the middle membrane). It should be noted that for low
values of the membrane reflectivity the cavity field can be
considered as a single-mode field with central frequency
ω0 = npic/2L [34]. Moreover, in this type of optomechan-
ical system, the frequency of the cavity field is dependent
on the membrane displacement [35]. This dependence
results in a nonlinear coupling, i.e., phonon number-
dependent optomechanical coupling, between the cavity
mode and the mechanical mode via multi-phonon exci-
tations of the vibrational sidebands. However, in the
limit of very small values of the Lamb-Dicke parameter
σ = 4piλ0
√
pi~
mωm
with λ0 being the wavelength of the cav-
ity mode, and by considering the first excitation of the
vibrational sideband the phonon-number dependence of
the optomechanical coupling can be ignored [36].
In the dispersive regime where the laser pump is far de-
tuned from the atomic resonance (∆a = ωp−ωa exceeds
the atomic linewidth γ by orders of magnitude), the ex-
cited electronic state of the atoms can be adiabatically
eliminated and spontaneous emission can be neglected
[37, 38]. In this way, the dynamics of atoms can be
described within an effective one-dimensional model by
quantizing the atomic motional degree of freedom along
the x axis only. The Hamiltonian of the system can be
written as
H = ~ω0a
†a+ i~η(aeiωpt − a†e−iωpt)
+~ωmb
†b− ~ξa†a(b+ b†) +HBEC . (1a)
HBEC =
2∑
j=1
∫ L/2
−L/2
dxjΨ
†
j(xj)
[−~2
2ma
d2
dx2j
+~U0 cos
2(kxj)a
†a+
1
2
UsΨ
†
j(xj)Ψj(xj)
]
Ψj(xj).
(1b)
In Eq. (1a) the first term denotes the free Hamiltonian
of the cavity mode, in which a(a†) is the photon annihi-
lation (creation) operator ([a, a†] = 1), the second term
describes the pumping of the cavity by the external laser,
the third term represents the free Hamiltonian of the
oscillating membrane, with b(b†) being the annihilation
(creation) operator of the mechanical mode ([b, b†] = 1),
and the fourth term describes the cavity-membrane in-
teraction via radiation pressure with coupling rate of ξ.
The last term in Eq.(1a) is the Hamiltonian of the
two BECs which is given by Eq.(1b). The second quan-
tized atomic wave fields Ψj(xj) in Eq.(1b) with j = 1, 2
are, respectively, the annihilation operators of the first
and the second BEC. U0 = g
2
0/∆a is the optical lattice
barrier height per photon which represents the atomic
backaction on the field, g0 is the vacuum Rabi frequency,
Us =
4pi~2as
ma
and as is the two-body s-wave scattering
length of atoms[37, 38].
In the weakly interacting regime,where U0〈a†a〉 ≤
10ωR (ωR =
ℏk2
2ma
is the recoil frequency of the conden-
sate atoms), and under the Bogoliubov approximation
[16], the atomic field operators of the BECs can be ex-
panded as the following single-mode quantum fields
Ψj(xj) =
√
Nj
L
+
√
2
L
cos(2kxj)cj , (2)
where the Bogoliubov mode cj corresponds to the quan-
tum fluctuations of the atomic field about the classical
condensate mode (
√
Nj
L ). By substituting the atomic
field operator of Eq.(2) into Eq.(1b), the atomic part of
Hamiltonian, i.e., HBEC reduces to
HBEC =
2∑
j=1
[
~Ωjc
†
jcj +
~√
2
ζcja
†a(cj + c
†
j)
+
1
4
~ωswj(c
2
j + c
†2
j )
]
, (3)
3where Ωj = 4ωR + ωswj is the frequency of the Bogoli-
ubov mode of the BEC on the side j, ζcj =
1
2
√
NjU0
is the optomechanical coupling between the Bogoliubov
and the optical modes for either side of the membrane,
and ωswj = 8pi~asNj/maLw
2
j (with wj being the waist
radius of the optical mode on the side j) is the s-wave
scattering frequency of the atomic collisions on the either
side of the membrane.
If we consider the Bogoliubov mode quadratures of the
BECs as Qcj = (cj + c
†
j)/
√
2 and Pcj = (cj − c†j)/
√
2i,
then the Hamiltonian HBEC can be written as
HBEC =
2∑
j=1
[1
2
~Ω
(+)
j Q
2
cj +
1
2
~Ω
(−)
j P
2
cj + ~ζcja
†aQcj
]
,
(4)
where Ω
(±)
j = Ωj ± 12ωswj. Now, by defining new atomic
quadratures as Qj = χjQcj and Pj = (1/χj)Pcj where
χj =
(Ω(+)
j
Ω
(−)
j
)1/4
, the Hamiltonian HBEC gets the follow-
ing form
HBEC =
2∑
j=1
[1
2
~ωj(P
2
j +Q
2
j) + ~ζja
†aQj
]
. (5)
Based on Eq.(5), the two BECs behave as two quantum
harmonic oscillators with frequencies ωj =
√
Ω
(+)
j Ω
(−)
j
which are coupled to the radiation pressure of the optical
field with the optomechanical strength ζj =
1
χj
ζcj .
In the frame rotating with the pump frequency ωp the
total Hamiltonian of the system, i.e., Eq.(1a) together
with Eq.(5) can be written as
H = ~δca
†a+ i~η(a− a†) + ~ωmb†b− ~ξa†a(b+ b†)
+
2∑
j=1
[1
2
~ωj(P
2
j +Q
2
j) + ~ζja
†aQj
]
, (6)
where δc = −∆c + 12NU0 is the effective Stark-shifted
detuning due to the presence of the BECs with N =
N1 +N2 and ∆c = ωp − ω0. The Hamiltonian of Eq.(6)
is similar to that of a three-mode optomechanical system
consisting of three membranes inside an optical cavity
where the Bogoliubov modes (Qj , Pj) play the role of two
quasi-membranes interacting with the radiation pressure
of the cavity. In the atomic part of the Hamiltonian (6),
the nonlinear effect of atomic collisions has been coded in
both the frequencies of the Bogoliubov modes of the two
BECs, i.e., ωj =
√
(4ωR +
1
2ωswj)(4ωR +
3
2ωswj) and the
optomechanical coupling constants ζj =
1
χj
ζcj through
the coefficients χj = (
4ωR+
3
2ωswj
4ωR+
1
2ωswj
)
1
4 .
III. DYANAMICS OF THE SYSTEM
The dynamics of the system described by the Hamil-
tonian in Eq. (6) is fully characterized by the following
set of nonlinear Heisenberg-Langevin equations:
a˙ = −(iδc + κ)a− η + iξa(b+ b†)
−iζ1aQ1 − iζ2aQ2 +
√
2κδain, (7a)
b˙ = −(iωm + γm)b+ iξa†a+
√
2γmδbin, (7b)
Q˙j = ωjPj − γcQj +
√
2γcδQ
in
j , (7c)
P˙j = −ωjQj − γcPj − ζja†a+
√
2γcδP
in
j , (7d)
where γc is the dissipation rate of the collective density
excitations of the BECs. The optical field quantum vac-
uum fluctuation δain(t) satisfies the Markovian correla-
tion functions, i.e., 〈δain(t)δa†in(t′)〉 = (nph + 1)δ(t− t′),
〈δa†in(t)δain(t′)〉 = nphδ(t − t′) with the average ther-
mal photon number nph which is nearly zero at opti-
cal frequencies [39]. Besides, δbin(t) is the quantum
noise input for the moving membrane which also sat-
isfies the same Markovian correlation functions as those
of the optical noise [40]. The input noise quadratures
of the BECs are δQinj =
1√
2
(δcinj + δc
†in
j ) and δP
in
j =
1√
2i
(δcinj − δc†inj ) where δcinj satisfies the same Marko-
vian correlation functions as those of the optical and me-
chanical noises [25, 40]. The noise sources are assumed
uncorrelated for the different modes of the BECs, me-
chanical and light fields.
In order to linearize the nonlinear set of Eqs.(7) we
decompose each operator in Eqs. (7a-7d) as the sum
of its steady-state value and a small fluctuation around
its respective classical mean value. By substituting a =
α+δa, b = β+δb, Qj = Q¯j+δQj and Pj = P¯j+δPj into
Eqs.(7a-7d) one can obtain a set of nonlinear algebraic
equations for the steady-state values,
α =
−η
i∆+ κ
, (8a)
β =
ξ|α|2
ωm − iγm , (8b)
P¯j =
γc
ωj
Q¯j, (8c)
Q¯j = − γc
ωj
P¯j − ζj
ωj
|α|2. (8d)
Here, ∆ = δc − 2ξβR + ζ1Q¯1 + ζ2Q¯2 is the effective de-
tuning of the cavity where βR is the real part of β. On
the other hand, by defining the optical quadrature fluc-
tuations as δX = 1√
2
(δa+ δa†) and δY = 1√
2i
(δa− δa†)
and also the mechanical (membrane) quadrature fluctu-
ations as δq = 1√
2
(δb + δb†) and δp = 1√
2i
(δb − δb†) one
can obtain the linearized QLEs in the following compact
matrix form
δu˙(t) = Aδu(t) + δn(t), (9)
where δu = [δX, δY, δQ1, δP1, δQ2, δP2, δq, δp]
T is the
vector of continuous variable fluctuation operators and
4δn = [
√
2κδXin,
√
2κδYin,
√
2γcδQ
in
1 ,
√
2γcδP
in
1 ,
√
2γcδQ
in
2 ,
√
2γcδP
in
2 ,
√
2γmδqin,
√
2γmδpin]
T , (10)
is the corresponding vector of noises in which δXin = (δain + δa
†
in)/
√
2 and δYin = (δain − δa†in)/
√
2i are the input
noise quadratures of the optical field and δqin = (δbin + δb
†
in)/
√
2 and δpin = (δbin − δb†in)/
√
2i are the input noise
quadratures of the mechanical mode of the membrane. The 8× 8 matrix A is the drift matrix given by
A =


−κ ∆ √2ζ1αI 0
√
2ζ2αI 0 −2ξαI 0
−∆ −κ −√2ζ1αR 0 −
√
2ζ2αR 0 2ξαR 0
0 0 −γc ω1 0 0 0 0
−√2ζ1αR −
√
2ζ1αI −ω1 −γc 0 0 0 0
0 0 0 0 −γc ω2 0 0
−√2ζ2αR −
√
2ζ2αI 0 0 −ω2 −γc 0 0
0 0 0 0 0 0 −γm ωm
2ξαR 2ξαI 0 0 0 0 −ωm −γm


, (11)
where αR and αI are, respectively, the real and imag-
inary parts of the optical mean field. The solutions to
Eq.(9) are stable only if all the eigenvalues of the matrix
A have negative real parts. The stability conditions can
be obtained, for example, by using the Routh-Hurwitz
criteria [41].
IV. BIPARTITE ENTANGLEMENTS AND
SQUEEZING
In this section we first study how the Bogoliubov
modes of the two BECs are entangled to each other and
also we investigate the entanglement between each BEC
and the moving membrane when the system reaches to its
steady-state. Then, we examine the quadrature squeez-
ing of the two BECs. For this purpose, one needs to
obtain the correlation functions of the system in the sta-
tionary state in the regime where the system is stable.
If all noises are assumed to be Gaussian, the linearized
dynamics of the fluctuations leads to a zero-mean Gaus-
sian steady state which is fully characterized by the 8×8
stationary correlation matrix (CM) V , with components
Vik = 〈δui(∞)δuk(∞) + δuk(∞)δui(∞)〉/2. Using the
QLEs, one can show that V fulfills the Lyapunov equa-
tion [42]
AV + V AT = −D, (12)
where
D = Diag[κ, κ, γc(2nc1 + 1), γc(2nc1 + 1), γc(2nc2 + 1),
γc(2nc2 + 1), γm(2nm + 1), γm(2nm + 1)], (13)
is the diffusion matrix with ncj = [exp(~ωj/kBT − 1)]−1
(j = 1, 2) as the mean number of thermal excita-
tions of the Bogoliubov modes of the BECs and nm =
[exp(~ωm/kBT − 1)]−1 as the mean number of thermal
phonons of the mechanical mode of the moving mem-
brane. Equation(12) is linear in V and can straightfor-
wardly be solved. However, the explicit form of V is
complicated and is not reported here.
The bipartite entanglement between different degrees
of freedom of the system can be calculated by using the
logarithmic negativity [43]:
EN = max[0,−ln2η−], (14)
where η− ≡ 2−1/2
[
Σ(Vbp)−
√
Σ(Vbp)2 − 4detVbp
]1/2
is
the lowest symplectic eigenvalue of the partial transpose
of the 4× 4 CM, Vbp, associated with the selected bipar-
tition, obtained by neglecting the rows and columns of
the uninteresting mode,
Vbp =
( B C
CT B′
)
, (15)
and Σ(Vbp) = detB+detB′−2detC. In order to calculate
the bipartite entanglements, one should firstly solve for
the set of Eqs.(8) to obtain the stationary mean values of
the fields so that the matrix elements of the drift matrix
A are determined. In this way, Eq.(12) can be solved
numerically.
Here, we analyze our results based on the experimen-
tally feasible parameters given in Refs.[44, 45],i.e., we
assume each BEC consists of Ni = 10
5 Rb atoms and
the optical cavity has a length of 2L = 374µm with
bare frequency ω0 = 2.41494 × 1015Hz corresponding
to a wavelength of λ0 = 780nm and damping rate κ =
2pi×1.3MHz. The atomic D2 transition corresponding to
the atomic transition frequency ωa = 2.41419 × 1015Hz
couples to the mentioned mode of the cavity. The atom-
field coupling strength g0 = 2pi× 14.1MHz and the recoil
frequency of the atoms is ωR = 23.7KHz. The moving
membrane oscillates at frequency ωm = 10
5Hz and has a
damping rate of γm = 2pi×100Hz. We have also assumed
that the temperature of the system is fixed at T = 0.1µK.
In order to see how the optomechanical coupling be-
tween the membrane and the optical mode of the cavity
affects the bipartite entanglements, in Fig.2 we have plot-
ted the bipartite entanglements between the two BECs
and also between each BEC and the membrane for three
different values of the optomechanical coupling when the
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FIG. 2. (Color online) The bipartite entanglement between
the left and right BEC (red solid line), between the left BEC
and the membrane (blue dotted line), between the right BEC
and the membrane (black dashed line) versus the normalized
effective detuning δc/κ for three different vaues of the op-
tomechanical coupling: (a) ξ = 0.01κ, (b ) ξ = 0.1κ, and (c)
ξ = 0.2κ when η = 100κ, ωsw1 = 0.1ωR and ωsw2 = 0.2ωR.
cavity is pumped at rate η = 100κ and the s-wave scatter-
ing frequency of the first and the second BEC have been
fixed, respectively, at ωsw1 = 0.1ωR and ωsw2 = 0.2ωR.
Here, the red solid line shows the entanglement between
the first and the second BEC, the black dashed line shows
the entanglement between the second BEC and the mem-
brane, and the blue dotted line shows the entanglement
between the first BEC and the membrane. The curves
have been plotted versus the normalized cavity-pump de-
tuning δc/κ for three different values of the optomechan-
ical coupling ξ = 0.01κ [Fig.2(a)], ξ = 0.1κ [Fig.2(b)],
and ξ = 0.2κ [Fig.2(c)].
As is seen from Fig.2(a) when the optomechanical cou-
pling is weak (ξ = 0.01κ), there is no entanglement be-
tween the BECs and the membrane while there exists
a strong entanglement between the two BECs in a wide
range of the detuning which has a maximum value greater
than 0.14 at δc ≈ 30κ. However, by increasing the op-
tomecanical coupling up to ξ = 0.1κ [Fig.2(b)] the entan-
glement between the two BECs (red solid line) decreases
a little bit while those of the BECs and the membrane
(blue dotted line and black dashed line ) increase up
to 0.06 near δc ≈ 30κ. In Fig.2(c) where the optome-
chanical coupling is ξ = 0.2κ the entanglements between
the BECs and the membrane (blue dotted line and black
dashed line ) grow higher than that of the two BECs (red
solid line).
Based on the results obtained in Fig.2, the weaker the
optomechanical coupling between the optical field and
the membrane, the stronger the entanglement between
the two BECs. That is why the maximum entanglement
between the two BECs is obtained when the optomechan-
ical coupling between the membrane and the optical field
is very weak. However, by increasing the optomechanical
coupling the entanglement between the two BECs de-
creases while the entanglement between each BEC and
the membrane increases. Furthermore, the s-wave scat-
tering frequency of the BECs can affect the amount of
entanglement between each BEC and the membrane. In
other words, with increasing the optomechanical coupling
strength, the BEC with lower ωsw is more entangled with
the membrane.
Since the s-wave scattering frequency of each BEC is
a controllable parameter which can be adjusted exper-
imentally by the transverse trapping frequency ω⊥j of
that BEC [33], it is interesting to study the variation of
the BEC-BEC entanglement as a two-variable function
of ωsw1 and ωsw2. For this purpose, in Fig.3(a) we have
shown the bipartite entanglement between the two BECs
as a contour plot versus the s-wave scattering frequen-
cies of the first (ωsw1) and the second (ωsw2) BEC. As is
seen, the maximum amount of BEC-BEC entanglement
is obtained for small values of the s-wave scattering fre-
quencies where ωsw1 < 0.5ωR and ωsw2 < 0.5ωR. In this
region the entanglement grows up to EN ≈ 0.12. How-
ever, by increasing ωswj the amount of entanglement de-
creases. The decrease in the BEC-BEC entanglement is
because of the increase in the entanglement between one
of the BECs and the membrane when the s-wave scat-
tering frequency of the other one increases.
Now, we explore the quadrature squeezing of the Bo-
goliubov modes of the two BECs. According to the
Hamiltonian of Eq.(3), the atom-atom interaction in each
BEC behaves as an atomic parametric amplifier in which
the s-wave scattering frequency plays the role of nonlin-
ear gain parameter that can lead to the squeezing of the
matter field of the BEC. As is seen from the total Hamil-
tonian of the system given in Eq.(6), each BEC is a single-
mode quantum field with quadratures Qj and Pj obeying
the commutation relations [Qj , Pk] = iδjk. The degree
of squeezing is defined in terms of the squeezing parame-
ters SQj = 2〈(∆Qj)2〉−1 and SPj = 2〈(∆Pj)2〉−1 where
6〈(∆Qj)2〉 = 〈Q2j〉 − 〈Qj〉2 and 〈(∆Pj)2〉 = 〈P 2j 〉 − 〈Pj〉2
are the quantum uncertainties. Whenever SQj < 0 or
SPj < 0, the corresponding quadrature is a squeezed
one.
The squeezing parameters of the Bogoliubov modes of
the two BECs can be expressed in terms of the stationary
correlation matrix elements as follows
SQ1 = 2〈δQ21〉 − 1 = 2V33 − 1, (16a)
SP1 = 2〈δP 21 〉 − 1 = 2V44 − 1, (16b)
SQ2 = 2〈δQ22〉 − 1 = 2V55 − 1, (16c)
SP2 = 2〈δP 22 〉 − 1 = 2V66 − 1. (16d)
Our numerical results which are based on the experi-
mental data of Refs.[44, 45],show that there is no station-
ary squeezing in the quadratures δPj while the squeez-
ing occurs just for the quadratures δQj . Therefore, in
Figs.3(b) and (c) we have demonstrated, respectively,
the squeezing parameters SQ1 and SQ2 as contour plots
against ωsw1 and ωsw2. As is seen from Fig.3(b), the
maximum degree of squeezing for the left BEC occurs in
the region where ωsw1 < ωR and ωsw2 > 2ωR. In this
region SQ1 < −0.2. On the other hand, the situation
for the right BEC is vice versa, i.e., the maximum de-
gree of squeezing occurs in the region where ωsw1 > 2ωR
and ωsw2 < ωR. As is seen from Fig.3(c) in this region
SQ2 < −0.2.
Based on these results, increasing the s-wave scatter-
ing frequency in one of the BECs causes the degree of
squeezing in the Q quadrature of the other BEC to be
increased if the s-wave scattering frequency of the latter
has been fixed at lower values. This phenomenon is a
consequence of the quantum cross correlations between
the two BECs that have been generated due to the in-
teraction of the BECs with the optical field of the cavity.
In this way, one can control the squeezing of each BEC
through the s-wave scattering frequency of the other one.
In order to investigate this matter more clearly, we
have plotted in Figs.4(a) and 4(b), respectively, the bi-
partite BEC-BEC as well as BEC-membrane entangle-
ments and the squeezing parameters of the Q quadratures
of the two BECs versus the normalized detuning δc/κ for
two fixed values of ωsw1 = 0.1ωR and ωsw2 = 3ωR when
the cavity is pumped at rate η = 100κ and the optome-
chanical coupling is ξ = 0.05κ. Here, at δc = 10κ the
system parameters coincides with those of Fig.3 in the
region ωsw1 < 0.1ωR, ωsw2 > 2ωR.
As is seen, when the s-wave scattering frequency of
the second BEC is higher than 2ωR (here ωsw2 = 3ωR)
while that of the first one has been fixed at the lower
value ωsw1 = 0.1ωR, the Q quadrature of the first BEC
exhibits squeezing (SQ1 < 0) for a wide range of the de-
tuning. Specifically, for 0 < δc < 180κ the squeezing
parameter SQ1 < −0.2 [blue dotted line in Fig.4(b)] .
Instead, for the second BEC, having higher value of ωsw,
a small amount of Q quadrature squeezing occurs only
in a limited range of detuning and it totally disappears
(SQ2 > 0) when δc > −20κ. More interestingly, the
FIG. 3. (Color online) (a) The contour plot of bipartite en-
tanglement between the left and right BEC, (b) the squeez-
ing parameter of the Q quadrature of the left BEC SQ1, and
(c) the squeezing parameter of the Q quadrature of the right
BEC SQ2 versus the normalized s-wave scattering frequencies
ωsw1/ωR and ωsw1/ωR for η = 100κ, δc = 10κ, ξ = 0.05κ.
The other parameters are the same as those of Fig.2.
entanglement between the first BEC and the membrane
[blue dotted line in Fig.4(a)] goes to the maximum value
where its Q quadrature has gained the maximum squeez-
ing. The situation is in reverse for the second BEC whose
entanglement with the membrane is decreased while its
squeezing fades away.
As a physical interpretation of the above- mentioned
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FIG. 4. (Color online) (a) The bipartite entanglement be-
tween the left and right BEC (red solid line), between the
left BEC and the membrane (blue dotted line), between the
right BEC and the membrane (black dashed line), and (b) the
squeezing parameters of the Q quadrature of the left (SQ1)
and the right (SQ2) BEC versus the normalized effective de-
tuning for two fixed values of ωsw1 = 0.1ωR and ωsw2 = 3ωR.
Here, we have assumed ξ = 0.05κ, η = 100κ and the other
parameters are the same as those of Fig.2
.
phenomena, let us compare the present results with those
obtained in Ref.[22] where we have studied a more sim-
plified setup consisting of an optomechanical cavity with
a moving end mirror containing a single BEC. It was
shown [22] that in the regime similar to that considered
here, the system behaves as an effective two-mode model
in which the BEC and the mechanical mode are coupled
to each other through the mediation of the optical field
by an effective coupling parameter.
Based on the results demonstrated in Fig.7(a) in
Ref.[22], increasing the s-wave scattering frequency
makes the BEC-mirror entanglement be reduced. The
reason was shown to be due to the dual effect of the
atom-atom interaction: first, it strengthens the effective
coupling parameter between the two modes, which should
lead to an increase in the entanglement, and second, it
makes the two modes get out of resonance. Since the
latter effect dominates the former, the ultimate effect of
the atom-atom interaction appears as a reduction of the
BEC-mirror entanglement.
A similar phenomenon takes place in the present setup
when the s-wave scattering frequency of one of the BECs
is higher than the other one’s. Because the BEC with
higher ωsw (the second BEC in Fig.4), is more out of res-
onance with the membrane, it has a lower entanglement
compared to the other one. On the other hand, the in-
crease in the entanglement between the first BEC (with
lower ωsw) and the membrane, leads to the reduction in
the BEC-BEC entanglement. That is why the entangle-
ment between the two BECs reduces in Fig.3(a) when
ωsw1 or ωsw2 is increased.
In short, the degree of quadrature squeezing of each
BEC and its entanglement with the moving membrane
can be controlled by the s-wave scattering frequency
of the other one. Since the s-wave frequency of each
BEC depends on the transverse trapping frequency of the
atoms which is an experimentally controllable parameter,
one can control the entanglement and squeezing of each
BEC through the trapping frequency of the other one.
V. CONCLUSIONS
In conclusion, we have studied a driven hybrid op-
tomechanical setup with a membrane-in-the-middle con-
taining two identical cigar-shaped BECs in each side of
the membrane. In the weakly interacting regime, each
BEC can be considered as a single-mode oscillator in
the Bogoliubov approximation. In this way, the Bogoli-
ubov mode of each BEC is coupled to the optical field
through a radiation pressure term and behaves as a quasi-
membrane.
We have shown that the degree of quadrature squeez-
ing of each BEC and its entanglement with the mov-
ing membrane can be controlled by the s-wave scattering
frequency of the other one. If the s-wave scattering fre-
quency of one BEC is increased its degree of quadrature
squeezing and its entanglement with the membrane is de-
creased. Instead, the other BEC with lower s-wave scat-
tering frequency will have higher degree of quadrature
squeezing and also higher entanglement with the mem-
brane. Furthermore, with increasing the s-wave scatter-
ing frequency of one or both BECs, the entanglement
between the two BECs is reduced.
Since the s-wave scattering frequency of each BEC de-
pends on the transverse trapping frequency of the atoms
which is an experimentally controllable parameter, one
can control the entanglement and squeezing of each BEC
through the trapping frequency of the other one.
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